ORBITWISE COUNTINGS IN H{2) AND QUASIMODULAR 

FORMS 



SAMUEL LELIEVRE AND EMMANUEL ROYER 



Abstract. We prove formulae for the countings by orbit of square- 
tiled surfaces of genus two with one singularity. These formulae were 
conjectured by Hubert & Lelievre. We show that these countings admit 
quasimodular forms as generating functions. 
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1. Introduction 

The main result of this paper is the proof of a conjecture of Hubert & 
Lelievre. 

Theorem 1. For oddn, the countings by orbit of primitive square-tiled sur- 
faces of the stratum Tl(2) tiled with n squares are the following. Orbit A n 
contains 

p\n ' 

primitive surfaces with n squares and orbit B n contains 

p\n 

primitive surfaces with n > 3 squares and for n = 1 square. 

Remark. The notation Yl p \ n indicates a product over prime divisors of n. 
The superscript p is here to emphasize primitivity. 

Theorem ^ can also be expressed in terms of quasimodularity of the gen- 
erating functions of the countings. More precisely: 
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Corollary 2. For any odd positive integer n, the number a n of n- square- 
tiled surfaces of type A in "H(2), primitive or not, is the nth coefficient of the 
quasimodular form 

+00 

^2 a n exp(2iimz) = — 



1280 

n=0 



of weight 4, depth 2 on SL(2, \ 



Remark. Functions E2 and Kj are the usual Eisenstein series of weight 2 and 
4 respectively. They are precisely defined in equations (JHJ and (0. 

Since the coefficients a n have no geometric meaning for even n, it makes 
sense to consider only the odd part of the Fourier series. Considering the 
odd part is the same as considering the Fourier series twisted by a Dirichlet 
character of modulus 2 (see section l4~4*|l . It is then natural to expect that, 
similarly to the case of modular forms (see |Iwa97| Theorem 7.4]), the odd 
part of the Fourier series is a quasimodular form on the congruence subgroup 
To(4). Actually, we will prove this is the case. Let $2 and $4 be the two 
modular forms of respective weights 2 and 4, defined on To (4) as in Q and 



Theorem 3. The Fourier series 

a n exp(2iirnz) 



n62Z> +l 

is the quasimodular form of weight 4 and depth 1 on To (4) defined by 

JL - 9E4 (2;) + 8E 4 (4 2 ) - 15^* 2 (.) 4- Uj^.M 

Remark. This theorem will be proved in sectional It is interesting to note 
that forgetting the artificial terms of even order results in a lesser depth, that 
is, in a simplified modular situation. (A modular form is a quasimodular form 
of depth so the depth may be seen as a measure of complexity.) 
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Table 1. Number of surfaces of type A. 



Our results may be interpreted in terms of counting genus 2 covers of 
the torus T = C/z + iZ with one double ramification point (see $21 • The 
general problem of counting covers with fixed ramification type of a given 
Riemann surface was posed in 1891 by Hurwitz who precisely counted the 
covers of the sphere. In 1995, Dijkgraaf |Dij95j computed the generating 
series of the countings of degree n and genus g covers of T with simple 
ramification over distinct points, weighted by the inverse of the number of 
automorphisms. Kaneko & Zagier |KZ95j introduced the notion of quasi- 
modular forms and proved that the generating series computed by Dijkgraaf 



ORBITWISE COUNTINGS IN H(2) AND QUASIMODULAR FORMS 



3 



was quasimodular of weight 6g — 6 on SL(2, Z). The case of arbitrary rami- 
fication over a single point was studied by Bloch & Okounkov [BO®j. They 
proved that the countings lead to linear combinations of quasimodular forms 
of weight less than or equal to 6(7 — 6. This was used by Eskin & Okounkov 
[EOOlJ to compute volumes of the strata of moduli spaces of translation 
surfaces (see also [Zor02j). The SL(2, Z) orbits of square-tiled surfaces were 
studied by Hubert & Lelievre in the case of a prime number of squares |HL06j 
and by McMullen |McM05j in the general case. 

Up to a multiplicative constant factor, our counting functions are the 
orbifold Euler characteristics of Teichmuller curves. Matt Bainbridge inde- 
pendently obtained results similar to ours in this setting. 

The moduli space of holomorphic 1-forms on complex curves of a fixed 
genus g can be considered as a family of flat structures of a special type 
on a surface of genus g. The group GL(2,R) acts naturally on the moduli 
space; its orbits, called Teichmuller discs, project to the moduli space of 
curves as complex geodesies for the Teichmuller metric. A typical flat sur- 
face has no symmetry; its stabilizer in GL(2, M) is trivial; the corresponding 
Teichmuller disc is dense in the moduli space. For some flat surfaces (called 
Veech surfaces) the stabiliser is big (a lattice) so that the corresponding 
Teichmuller disc is closed. Projections of such Teichmuller discs, called Te- 
ichmuller curves, play the role of "closed complex geodesies". 

The main lines of the proof of theorem ^ are the following. In section 01 
we evaluate the number a n in terms of sums over sets defined by complicated 
arithmetic conditions. In section 01 we relate these coefficients a n to sums 
of sums of divisors of the form 

Yl ^i (0)0-1(6). 

(o,6)ez|. 

ka+b=n 

For the computation of these sums, we use, in section^ the notion of quasi- 
modular forms on congruence subgroups (introduced by Kaneko & Zagier in 
[KZ95j) and we take advantage of the fact that the spaces of quasimodular 
forms have finite dimension to linearise the above sums. Here, linearising 
means expressing them as linear combinations of sums of powers of divisors. 
Having obtained a series whose odd coefficients are the numbers a n , we in- 
troduce the notion of twist of a quasimodular form by a Dirichlet character, 
to construct a new quasimodular form generating series without artificial 
Fourier coefficients. 

Thanks A first version of this text was written as both authors were visiting 
the Centre de Recherches Mathematiques de Montreal, and circulated under 
the title "Counting integer points by Teichmuller discs in QA / ((2)". This ver- 
sion was written as the second author was visiting the Warwick Mathematics 
Institute. We thank both institutions for the good working conditions. 

2. Geometric background 

2.1. Square-tiled surfaces. A square-tiled surface is a collection of unit 
squares endowed with identifications of opposite sides: each top side is iden- 
tified to a bottom side and each right side is identified to a left side. In 
addition, the resulting surface is required to be connected. A square-tiled 
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surface tiled by n squares is also a degree n (connected) branched cover of 
the standard torus C/z + iL with a single branch point. 

Given a square-tiled surface, to each vertex can be associated an angle 
which is a multiple of 2ir (four or a multiple of four squares can abutt at 
each vertex). If (ki + l)2n is the angle at vertex i, the Gauss-Bonnet formula 
implies that 

s 

Y,h = 2g-2 

i=l 

where g is the genus of the surface and s the total number of vertices. 
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Figure 1. Surface with one angle of 6tt 



Surfaces can be sorted according to strata H(ki, . . . , k s ). Square-tiled 
surfaces are integer points of these strata. In this paper we are concerned 
with surfaces in Tt(2), that is, with a single ramification point of angle Qtt. A 
surface tiled by n squares in H(2) is a degree n branched cover of the torus 
C/Z + iL with one double ramification point. 

2.2. Cylinder decompositions. Given any square-tiled surface, each hor- 
izontal line on the surface through the interior of a square is closed, and 
neighbouring horizontal lines are also closed. Thus closed horizontal lines 
come in families forming cylinders and the surface decomposes into such 
cylinders bounded by horizontal saddle connections (segments joining coni- 
cal singularities). 

Here we explain how to enumerate square-tiled surfaces in H(2) with a 
given number of squares, by giving a system of coordinates for them. We in- 
clude this discussion for the sake of completeness, although these coordinates 
have already been used in |Zorf)2j . |EMS03j . jHLOfij . 

We represent surfaces according to their cylinder decompositions. Cylin- 
ders of a square-tiled surface are naturally represented as rectangles. One 
can cut a triangle from one side of such a rectangle and glue it back on the 
other side according to the identifications to produce a parallelogram with 
a pair of horizontal sides (each made of one or several saddle connections), 
and a pair of identified nonhorizontal parallel sides. A square-tiled surface 
in H(2) has one or two cylinders |Zor02j and can always be represented as in 
figure 01 or QJ Each cylinder has a height and a width and in addition a twist 
parameter corresponding to the possibility of rotating the saddle connections 
of the top or bottom of the cylinders before performing the identifications. 
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Figure 2. Decomposition of a surface into two cylinders 

2.3. One-cylinder surfaces. For one-cylinder surfaces in H(2), we have 
on the bottom of the cylinder three horizontal saddle connections, and the 
same saddle connections appear on the top of the cylinder in reverse order; we 
denote by £ the width of the cylinder and £\, £2, £3 the lengths of the saddle 
connections, numbered so that they appear in that order on the bottom side 
and in reverse order on the top side. See figure 03 
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Figure 3. One-cylinder surface 

For each choice of (^1,^2,^3) with £\ + £2 + £3 = n, if £1, £2, £3 are not 
all equal, there are £ possible values of the twist t giving different surfaces. 
But, the three possible cyclic permutations of (£±,£2, £3) yields the same 
set of surfaces. So, to make coordinates uniquely defined, we require that 
(£±,£2, £3) has least lexicographic order among its cyclic permutations. For 
countings, it is simpler to ignore this point and to divide by 3 at the end. 

If £\, £2, £3 are all equal (and thus worth £/3), there is only one cyclic 
permutation of (£±,£21 £3) but only £/3 values of the twist t give different 
surfaces. 

The parameters we have used satisfy: 

I I n 

£i+£ 2 + £3 = £ 
0<t<£oi £/3. 
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Remark. Prom this description of coordinates, we conclude that the number 
of one-cylinder surfaces in H(2) tiled with n squares is (see [EMS03J) 

^E E <■ 

% (4,4,4)6Z?, 

2.4. Two-cylinder surfaces. Given a two-cylinder surface in H(2), one of 
its cylinders (call it cylinder 1) has one saddle connection on the top and 
one saddle connection (of same length) on the bottom, while the other one 
(call it cylinder 2) is bounded by two saddle connections on the top and two 
saddle connections on the bottom. See figure 0] 

h ui 



hi 



^^^^^ h 2 

Figure 4. Two-cylinder surface 

For each of cylinders 1 and 2, there are three parameters: the height hi, 
the width Ui, the twist ti. 

Given two heights hi and /12, two widths u% < 112, and two twists t\, t% 
with < ti < Ui, there exists a unique surface in H.(2) with two cylinders 
having (/ti,/i2> ui,U2,t±,t2) as parameters. The number of squares is then 

Remark. From this system of coordinates one deduces (see [EMS03J) that 
the number of two-cylinder surfaces in Ti(2) tiled by n squares is 

y j u±u 2 . 

(/ll,/l2,"l,«2)GZ> 
«1<«2 
hiui+li2U2=n 

2.5. Lattice of periods. The lattice of periods of a square-tiled surface is 
the rank two sublattice of Z 2 generated by its saddle connections. 

Lemma 4. A square-tiled surface is translation-tiled by a parallelogram if 
and only if this parallelogram is a fundamental domain for a lattice containing 
the surface's lattice of periods. 

Proof. Decompose the surface into polygons with vertices at the conical sin- 
gularities. The sides of these polygons are saddle connections and together 
generate the lattice of periods. The tiling of the plane by parallelograms 
which are a fundamental domain for this lattice (or any rank two lattice 
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of the plane containing it) yields a tiling of the translation surface by such 
parallelograms. □ 

Remark. The previous lemma implies that the area of the lattice of periods 
divides the area of the surface it comes from. 

We will describe the basis of the lattice of periods by use of the following 
lemma [5er77l Chapitre 7]. 

Lemma 5. Let A be a sublattice of7L + i7L of index d. Then there exists a 
unique triple of integers (a, t, h) with a > 1, ah = d and < t < a — 1 such 
that 

A= (a, 0)Z © (t, h)Z. 

Remark. Let S be a square-tiled surface in TC(2), and let be the matrix 

corresponding to its lattice of periods. If 5 is one cylinder then h is the height 
of its unique cylinder ; if S is two-cylinder, with cylinders of height hi and 
/i2, then h = (hi, ha). 

Definition 6. A square-tiled surface is called primitive if its lattice of periods 
is 1? , in other words «/(oft) = (oi)- 

Definition 7. A square-tiled surface is called primitive in height if h = 1. 

The linear action of GL(2, Q)+ on M 2 induces an action of GL(2, Q)+ 
on square-tiled surfaces. This action preserves orientation. The action of 
SL(2, Z) preserves the number of square tiles, and preserves primitivity. 

Hubert & Lelievre have shown that if n > 5 is prime, the square-tiled 
surfaces in H(2) tiled with n squares (necessarily primitive since n is prime) 
form into two orbits under SL(2,Z), denoted by A n and B n . 

If n is not prime and n > 6, not all surfaces tiled by n squares are primi- 
tive, and if n has many divisors these surfaces split into many orbits under 
SL(2,Z), most of them lying in orbits under GL(2,Q) + of primitive square- 
tiled surfaces with fewer squares. There can be an arbitrary number of 
such "artificial" SL(2, Z)-orbits. Artificial orbits consist only of nonprimitive 
square-tiled surfaces, since the action of SL(2, Z) preserves primitivity. 

Let n be an odd integer. We can distinguish two types of surfaces among 
surfaces tiled by n squares in H(2). These two types are distinguished by 
Weierstrass points, as follows (see |HL06j ). 

On a surface in T~t(2), the matrix ( "q 1 induces an involution which can 
be shown to have six fix points, called the Weierstrass points of the surface. 
It is easy to show that for a square-tiled surface these points have coordinates 
in \7L. The type invariant is determined by the number of Weierstrass points 
which have both their coordinates integer: 

• a surface is of type A if it has one integer Weierstrass point; 

• a surface is of type B if it has three integer Weierstrass points. 

Remark. We give an interpretation in terms of orbits. Consider the orbit 
under GL(2, Q) + of a surface S tiled by n squares. Then 

• the primitive square-tiled surfaces in this orbit all have the same 
number of squares, say d, 

• the action of GL(2, Q) + restricts to an action of SL(2, Z) on these 
primitive square-tiled surfaces; 
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• these primitive surfaces form an orbit under SL(2, Z); 

• McMullen extended the result of Hubert & Lelievre by showing that 
if d > 5 is odd, the set of primitive square-tiled surfaces in H(2) tiled 
with d squares is partitioned in two orbits under SL(2, Z) denoted 
A d and B d ; 

• the type can be read on these primitive square-tiled surfaces. 

3. Sum-type formulae for the orbitwise countings 

3.1. From primitive to non primitive countings. In this section, we es- 
tablish relations between countings of primitive surfaces, countings of height 
primitive surfaces and countings of (non necessarily primitive) surfaces. For 
any integer £, the function oi is defined by 



For n G Z>o, we define E n as the set of n squares surfaces in H(2), E n as 
its subset of primitive surfaces and E n h as its subset of primitive in height 
surfaces. For d G Z>o, we note the set of sublattices of Z + iL of index 
d. The description of surfaces by primitive surfaces is given by the following 
lemma. 

Lemma 8. For n G Z>q, we have the following bijection 



Proof. Let S G E n and d be the index in Z + iL of its lattice of periods 
Per(5). Then d \ n and Per(S') G A^. With the notations of lemma we 
write Per(S') = (a, 0)Z © (t,h)Z. To S we associate a surface tiled by n/d 
squares: 



The lattice of periods of S' is Z + iL so that it is primitive. Conversely, 
let S' G E^, d and A G A^. With the notations of lemma 03 we write A = 
(o,0)Ze(i,/i)Z. Then 



(1) 




d\n 





has n = ah squares. 



□ 



Corollary 9. For n G Z>o, we have 



#E n = ^ f r 1 ( ( i)#EP 



d\n 




ah=d 
0<t<a 



□ 
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We recall that a surface S is primitive in height if h = 1 with the notations 
of lemma That is, its lattice of periods is Per (5) = (a, 0)Z + (i, 1)Z with 
a > 1 and < t < a — 1, We write for the set of these lattices having 
index d (implying d = a). We have = d. Similary to lemma [HI we have 

Lemma 10. For n G Z>o, we have the following bijection 

d\n 

Corollary 11. For n G Z>o, we /iat;e 

#E n = ^d-#Ef. 

d\n 

We deduce the same result for surfaces of type A. For odd n, define A^ 
as the set of ra-square-tiled surfaces of type A in "H(2), A n as its subset of 
primitive surfaces (which coincides with the SL(2, Z)-orbit A n ) and A n h as 
its subset of height-primitive surfaces. 

Lemma 12. For n£Z odd, we have the following bijection 

K^UK/d*^- 

d\n 

Proof. We recall that the type of a surface is characterized by the number of 
its Weierstrass points with integer coordinates. To deduce lemma Il2l from 
lemma [HI it then suffices to prove that a Weierstrass point P has half-integer 
coordinates 1 in a basis determined by Per(5) if and only if its image by the 
bijection of lemma [HI has half-integer coordinates in the canonical basis of 
Z + iL. Let S G E n , Per (5) = (a, 0)Z © (t, h)7L its lattice of periods with the 
notations of lemma El We set 

*-(; 0- 

Let P a Weierstrass point in S, we assume that its coordinates in the basis 
of Per (S) are (£/2,m/2) with m and n not simultaneously even. The coor- 
dinates of P in Z + zZ are therefore (at + mt,mh) /2, hence, those of M~ 1 P 
in M S are (£/2, m/2) in the standard basis of Z + iL. □ 

Corollary 13. For n G Z>o, we ftawe 

a n = J2 a ^ d K/d- 

d\n 

Lemma 14. For n G Z odd, we /iat;e £/ie following bijection 

(i|n 

Corollary 15. For n G Z>o, we /iai>e 

an = J2 daF n/d- 

d\n 



Meaning in ^1? but not in Z 2 
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To express the number of primitive surfaces in terms of the numbers of 
primitive in height ones, we recall some basic facts on L-functions. For an 
arithmetic function /, we define 



-oo 

'\n)n 

71=1 

If id denotes the identity function, we have 

L(id e f,s) = L(f,s-e). 
For / and g two arithmetic functions with convolution product f*g, we have 

L(f*9,s) = L(f,s)L(g,s). 
The constant equal to 1 function is denoted by ¥ and, we have 

L{¥,s) = t{s) 
the Riemann Q function. Moreover 

L iv, s) = -z-r and L(a k , s) = C0)C0 - k). 

Lemma 16. Let n £ Z>o. Then 

a n = ^2K d )a 



P h 

n/d' 
d\n 



Proof. Lemma HH is then 

L(a n ,s) = C(s-l)L(a ph ,s) 

and lemma fT2l is 

L(a n ,s)=as)((s-l)L(a?,s). 

We deduce 

L(a^s) = -^-L(a^,s) 

hence the result. □ 

Next, we give sum- type formulae for the number of surfaces in A^ h . 

Proposition 17. Let n £ Z>o, the number of height-primitive one-cylinder 
surfaces with n squares in Ti(2) of type A is 

— \^ n. 

3 V 

txMz odd 

Proof. See figure |H1 Since the cylinder is primitive in height, it has height 1. 
As proved in [HL06, §5.1.1], the Weierstrass points are 

• the saddle point, which has integer coordinates 

• two points lying on the core of the cylinder, which do not have integer 
coordinates 

• the midpoints of the three saddle connections, each of these points 
having integer coordinates if and only if the corresponding saddle 
connection has even length. 

□ 
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Figure 5. Weierstrass points of a one-cylinder surface 



Proposition 18. Let n G Z>o, the number of height-primitive two- cylinder 
surfaces with n squares in 7i(2) of type A is 

1 

2 



E 



U\U2 



E 



hl,/l2,«l,U2SZ> 
hiu\+h2U2=n 
(hi,h 2 )=l 
h\,fi2 odd 

Ul<U 2 



hi,fi2,u 1 ,U2£'E>o 
h\u\ J rh,2U2=n 

(hi,h 2 )=l 
h\^h,2 (mod 2) 

Ul<U2 

u\U2 even 



Proof. Among height-primitive two-cylinder surfaces with parameters hi, /12, 
U\, U2, t%, t2, such that h\U\ + h2U2 = n (odd): 

• all surfaces with h% and h>2 odd are of type A; 

• all surfaces with u\ and 112 odd are of type B; 

• exactly half of the remaining surfaces (with different parity for u% 
and U2 and for hi and /12) are of type A, and half are of type B; 

for each (hi, hi, iti, ^2), there are U1U2 possible twists (if n is not prime some 
values of the twists may yield non primitive surfaces which is why we only 
require height-primitivity) . In the case of different parities for hi and /12 and 
for ui and U2, the product U1U2 is even and exactly half of the possible twists 
corresponds to each type. The height-primitivity condition is just that the 
heights of the cylinders have greatest common divisor equal to one. □ 
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Figure 6. Weierstrass points of a two-cylinder surface 



4. QUASIMODULAR FORMS 
4.1. Motivation. The aim of this part is the computation of sums of type 
(2) S k (n)= 

ka+b=n 

with k G Z>o. Here we study only the cases k G {1,2,4} but the method in 
fact applies to every k |Roy05| . 
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(nz) 

n=l 



e(r) = exp(2i7rr) (Qmr > 0). 
H k (z) = E 2 (z)E 2 (kz), 



Useful to the study of these sums is the weight 2 Eisenstein series 

+oo 

(3) E 2 (z) = 1-24 J^o-i (ra)e(r 
where 
Defining 
one gets 

+oo +oo 

(4) H k {z) = 1-24^2 [<n(n) +°i (^)] e(nz) + 576 5 fc (n)e(nz). 

n=l n=l 

We shall achieve the linearisation of H k using the theory of quasimodular 
forms, developed by Kaneko & Zagier. The computation of Sk(n) will be 
deduced for each n. 

4.2. Definition. Let us therefore begin by surveying our prerequisites on 
quasimodular forms, referring to [MR05, §17] for the details. Define 

T (N) = l(l fj ■ («> b, c, d) G Z 4 , ad - be = 1, N \ cX 

for all integers N > 1. In particular, ro(l) is SL(2,Z). Denote by 7i the 
Poincare upper half plane: 

U = {z G C: Qmz > 0}. 

Definition 19. Let N G Z>o, k G Z>o and s G Z>o- ^4 holomorphic function 

is a quasimodular form of weight k, depth s on Tq(N) if there exist holomor- 
phic functions fo, fi, . . . , f s on Ti such that 

for all (" ^) G Tq(N) and such that f s is holomorphic at the cusps and not 
identically vanishing. By convention, the function is a quasimodular form 
of depth for each weight. 

Here is what is meant by the requirement for f s to be holomorphic at the 
cusps. One can show [MRJH2I Lemme 119] that if / satisfies the quasimodu- 
larity condition ((3), then f s satisfies the modularity condition 

(cz + d)-^f s (^±±)=Uz) 
\cz + d I 



for all (™ ^) G Tq(N). Asking f s to be holomorphic at the cusps is asking 

. 7 s . 



that, for all M= (*{) G r (l), the function 



z ^ {lz + 5) -{k-2s) fi 



az + f3 
-yz + 5 
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has a Fourier expansion of the form 

( n\p I , 



V/ s ,MWe ( — ) 

n=0 



where 

u M = vai{u G Z >0 : T" G M^To^M}. 
In other words, f s is automatically a modular function and is required to be 
more than that, a modular form of weight k — 2s on Fq(N). It follows that if 
/ is a quasimodular form of weight k and depth s, non identically vanishing, 
then k is even and s < k/2. 

Remark. Let \ be a Dirichlet character (see § !4.4p . If / satisfies all of what 
is needed to be a quasimodular form except © being replaced by 

\ / j_Q \ / 

then, one says that / is a quasimodular form of weight k, depth s and 
character \ on ro(iV). 

The Eisenstein series E 2 transforms as 

(cz + d)- 2 E 2 — =E 2 {z) + 



cz + d J iir cz + d 

under the action of any (* j) G To(1). Hence, i?2 is a quasimodular form of 
weight 2 and depth 1 on ro(l). Defining 

E N>2 (z)=E 2 {Nz), 

one has 

_ 2 /az + 6\ / N 6 



(CZ + d)-^,2 -7 = ^JV, 2 (^) + 



cz + d J ' iirN cz + d 

for all (" ^) G Fq(N). Hence, i£jv,2 is a quasimodular form of weight 2 and 
depth 1 on F (N). One denotes by M fc [r (iV)]- s the space of quasimodular 
forms of weight k and depth less than or equal to s on Fq(N). The space 
M k [F (N)}-° is the space M fc [r (A Q] of mo dular forms of weight k on F (N). 
A recurrence on the depth implies [MR05, Corollaire 121] the equality 

s 

(6) M fc [r (AO]- s = M fc _2i[r (iV)]^. 

i=0 

It is known that M2[ro(l)] = {0}. However, if N > 1, one deduces from 



ce 2 e ce n>2 c M 2 [r (w)]- = M 2 [r (A0] e cb 



2 



that dimM2[ro(-/V)] > 1. By the way, for every family (c,i)d\N such that 

Cd 

d 



d\N 

one has 



^ c d E 2 (dz) 



d\N 



G M 2 [To(JV)]. 
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Denote by D the differential operator 

2m az 

It defines a linear application from M k [T (N)]^ s to M fc+2 [r (iV)]- s+1 . This 
application is injective and strictly increases the depth if k > 0. This prop- 
erty allows to linearise the basis given in (JHJ. 

Lemma 20. Let k > 2 even. Then, 

k/2-l 

M fc [r (A0P /2 = D i M k _ 2i [T (N)]eCD k / 2 - 1 E 2 . 

i=0 

4.3. Sums of sums of divisors. Lemma l20l allows to reach our goal by 
expressing the sums Si, S 2 and 54 introduced in |[2j) as follows. 

Proposition 21. Let n > 1. Then, 

n , . 1 , . 1 (n\ 1 1 (n\ 1 , . 1 (n 

S 2 (n) = -a 3 (n) + -a 3 [-) - -noi(n) - -noi [-) + -oi(n) + (- 

_ , . 1 . . 1 fn\ 1 (n\ 1 /si 
S,{n) = -crs(n) + -a 3 (-) + -a 3 (-J - -na x {n) - -na x [- 

1 . . 1 /n 

H cr-i(n) H en — 

24 V 7 24 U 

Proof. We detail the proof for the expression of S±. The function H<±, in- 
troduced in |@J|, is a quasimodular form of weight 4 and depth 2 on To (4). 
Lemma EO] gives 

M 4 [r (4)p = M 4 [r (4)] e M 2 [r (4)] © cde 2 . 

The space M4[ro(4)] has dimension 3 and contains the linearly independent 
functions 

(7) E 4 (z) = 1 + 240 o- 3 (n)e(nz) 

n=l 

E 2A {z) = E A (2z) 
E 4A (z) = E 4 (4z). 

The space M2[ro(4)] has dimension 2 and is generated by 

(8) $ 2 (z) = 2E 2 (2z) - E 2 (z) 

(9) $ 4 (V) = ^E 2 (4z) - \e 2 {z). 

Hence, by the computations of the first seven Fourier coefficients, one gets 

13 4 9 

H 4 = —E 4 H E 2 4 + -E 4 4 + -£>$ 4 + 3DE 2 . 

20 20 ' 5 ' 2 
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The computation of S4 is then obtained by comparison of the Fourier coef- 
ficients of this equality. The computation of S 2 is obtained along the same 
lines via the equality 

H 2 = \e a + -E 2 a + 3L>$ 2 + 6DE2 
5 5 

between forms of M 4 [r (2)]- 2 . At last, the expression of Si is deduced from 
the equality 

El = E A + 12DE 2 

between forms of M 4 [r (l)]- 2 . □ 

Remark. The computation of which lies in the dimension 6 vector space 
with basis {E4, #2,4, £4,4, D<$>2, D&4, DE 2 }, required working on seven con- 
secutive Fourier coefficients. We briefly explain why, mentioning that any 
sequence of 6 consecutive coefficients is not sufficient. For any function 

+00 

f( z ) = ^finjeinz) 

n=0 

and any integer i > 0, define 

c(f, i) = (/(»),/(» + 1), f(i + 2), /(t + 3), f(i + 4), f(i + 5)) , 

and let 

vi(i) = c{E A ,i) v 2 (i) = c(E 2 ,4,i) v 3 (i) = c(E 4A ,i) 

Vi(i) = c(D<& 2 ,i) v 5 (i) = c(Z)$ 4 ,i) v 6 (i) = c(DE 2 ,i). 

Then, for each i, there exists an explicitly computable linear relation be- 
tween v 2 (i), V3(i), Vi(i), v§(i) and Vq(z). One could think of using a basis 
of M 4 [r (l)]^ 2 echelonized by increasing powers of e(z). The same phenom- 
enon would however appear when changing to such a basis and expressing 
the new basis elements in terms of the original basis. 

4.4. Twist by a Dirichlet character. Recall that a Dirichlet character \ 
is a character of a multiplicative group (%/qZ) x extended to a function on 
Z by defining 

X (n (mod q)) if (n, q) = 1 
otherwise 



(see e.g. I Kil l] Chapter 3]). 

A quasimodular form admits a Fourier expansion 



+00 



(10) f(z) = Y J f(.n)e(nz). 

n=0 

Since we shall need to compute the odd part of a quasimodular form, we 
introduce the notion of twist of a quasimodular form by a Dirichlet character. 

Definition 22. Let x be a Dirichlet character. Let f be a function having 
Fourier expansion of the form The twist of f by x is the function f ' ®x 
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defined by the Fourier expansion 

+00 

/ ® X{z) = E x(n)f(n)e(nz ) 

n=0 



The interest of this definition is that it allows to build quasimodular forms, 
as stated in the next proposition. 

Proposition 23. Let x be a Dirichlet character of conductor m with non 
vanishing Gauss sum. Let f be a quasimodular form of weight k and depth 
s on Tq{N). Then f ®x * s a quasimodular form of weight k, depth less than 
or equal s and character x 2 ° n To (lcm(iV, m 2 )) . 

Remark. The Gauss sum of a character x modulo m is defined by 

r(x) = E © • 

u (modm) 

Proof. The proof is an adaptation of the corresponding result for modular 
forms (see e.g. I\va97 Theorem 7.4]). We consider for each k the following 
action of SL2(M) on holomorphic functions on H: 

yi(:i))w = 

Since x is primitive, this sum is not zero. One has 

(11) r(x)g®x= £ X{v){g\{\ v !™)) 

v (modm) 

as soon as g has a Fourier expansion of the form 11 1 Oil . Define M = lcm(iV, m 2 
Let (" 5) G r o(M). The matrix 

1 v/m\ fa p \ (\ v5 2 /rn s 
v 1 ) V 7 SJ \0 1 

being in Tq(N), one deduces from the level N quasimodularity of / and ifTTjl 
that 

®X|(?J))(*) = 
k 



7 



7 l z + ^v) + S-J^v 
I \ 'm l' m. 



i=0 v (modm) 

Since the functions fi are themselves quasimodular forms (see |MR051 Lemme 
119]), they admit a Fourier expansion. Hence, from ifTTIl . 



7 



72; + 5 



r(x)(f 3 Xl (??))(*) = T(xMSfJ2h ® 
fc i=0 

It follows that / (g> x satisfies the quasimodularity condition. There remains 

to prove the holomorphy at the cusps, which is quite delicate since f s ®X ma Y 

be even though f s is not. Actually, lemmaEOland the fact that the twist of 

a modular form on To(N) by a primitive Dirichlet character of conductor m 

is a modular form on Tq(M) show that the proposition is proved as soon as 
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it is proved for / = D k ' 2 ~ 1 E 2 . In that case, s = k/2 and f s ® x is not (see 
[MR05| Lemma 118]), hence f s being a modular form implies that f s ® x 1S 
also one. 

□ 



5. Proof of Hubert & Lelievre conjecture 

The aim of this part is the proof of theorem ^ In all this part, n is 
assumed to be odd. Define 



ai(n,r) 

a 2 (n,r) 
a 3 (n,r) 

with 

Ai(n,r) = 

(hi,ui,h 2 ,u 2 ) G Z> : 



^ Uiu 2 

(hi,ui,h2,U2)&Ai(n,r) 
(hi,ui,h,2,U2) &A2 (n,r) 

n _ 

3 V 

(ui,it2,«3j6^43(n,r) 



77 



f/7,1 , /l 2 ) = 1, , , 

r j / , , «i < «2, h\U\ + Ai 2 u 2 — - 
/ii and Ai 2 odd, r 



(hi,h 2 ) = 1, 
Ail or h 2 even, 



ui < u 2 , , , n 

/liUi + Al 2 7J 2 = - 

«i or u 2 even, r 



-4 2 (n,r) = 

(/ii,ui,/i 2 ,M 2 ) G Z> : 
and 

-4 3 (n, r) = |(ui,u 2 ,u 3 ) G (2Z> + l) 3 : u\ + u 2 + u 3 = -} . 
By lemma [TBI and propositions H7I and H8| our goal is the computation of 
(12) aP = u(r) [rai(n, r) + ra 2 (n, r) + a 3 (ra, r)] . 

This, and hence theorem ^ is the consequence of the following lemmas 12*51 
EHlandEHl 

5.1. A preliminary arithmetical result. The following lemma will be 
useful in the sequel. 



Lemma 24. Let n > 1, then 



^ru(r) 2 fx(d)a k ( — 

r|n d|n/r 



/ ^ r fc— 1 ■ 



r 11 



and 



r|n d|n/r d|n 



18 



SAMUEL LELIEVRE AND EMMANUEL ROYER 



Proof. Consider the function 

/ = (id /x) * fi* cr fc . 

Then, 

L(f, s) = ^— k J- = L(id e fj,, s)L(id k , s) 
C(s-i) 

hence 

/ = (idV)*id fc . 

The lemma follows by taking £ = 1 for the first equality and i = k = 1 for 
the second. □ 

Remark. Note that 

r\n p\n ' 

5.2. Two cylinders and odd heights. Here, we compute the sum 

rfj,(r)ax(n, r). 

r | n 

More precisely, we prove the following lemma. 

Lemma 25. The number of type A primitive surfaces with n squares and 
two cylinders of odd height is 

n 2 (n — 1) \ fi(r) 



Write 

(13) at\(n,r) = 71 (n,r) — a\ (n,r) 



with 



and 



7l (n,r)= uiu 2 

(hl,«l,/i2,«2)eC(n,r) 



«i(n,r) = ^ niu 2 

(hi ,ui ,h,2 ,U2)£Ai (n,r) 

where 

C(n,r) = |(/ii,ni,/i 2 ,n 2 ) G Z> : (hi,h 2 ) = 1, «i < « 2 , + ^2^2 = ^7} 
and (recalling that n is odd) 

Al(n,r) = j (hi,ui, h 2 ,u 2 ) G Zi : , ^. u\ < u 2 , h\Ui + h 2 u 2 = 

v y I >u fii or ft2 even, 

Note that the sum 

^r / u(r)7i(n,r) 

r I n 

is the total number of primitive surfaces with two cylinders. Lemma ESI is a 
consequence of the two following lemmas |2E1 EH and of equation lfT3|) . 
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5.2.1. Surfaces with two cylinders. We prove the following result. 

Lemma 26. For n odd, the number of primitive surfaces with n squares and 
two cylinders is 

n 2 (5n — 18) MO n 



24 r 2 2 



r\n 



where (p is the Euler function. 

Using Mobius inversion formula, one obtains 

7l (n,r) = V( d ) Yl 

d\n/r (ii,iei,i2,i*2)eZ*, 

Ul<U2 
ilui+i2U2=n/ (rd) 

(14) = 71,1 (n,r) - 71,2 (n,r) 

with 



71,1 = 9 XI ^) E 



and 



9 z_ MlU2 

d|n/r (ii,if2,i2,W2)eZ* 
11U1+12W2 =n/(rd) 



7i,2(n,r) = - ^2 n(d) ^ 

d\n/r (il,l2,u)eZ2, 
(ii+i2) , u=n/(»'(i) 



One has 



71,1(^0 = 2 Z)^( d ) Z E wi E wa = ^ E /'W 51 • 

d\n/r {v\,V2)&%q W\\v\ w 2 \v2 d\n/r 

v\+V2=n / (rd) 

By proposition!^ this can be linearised to 



24 ^— ' Vrd/ 4r ^— ' d \rd 

d\n/r d\n/r 



+ 

so as to obtain 



(15) r/i(r) 7lil (n, r) = (^n 3 - \rA ^ 

r|n " r|n 



thanks to lemma l2~H 
Next, one has 



71,2 (n, r) = - J2 K<0 £ ^(i" 1 

d|n/r v\n/(rd) 
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SO that 

rn{r) 11)2 (n, r) = | J] M (r) ^ 

r|n r|n d\n/r 

r|n d|n/r 

as) 

by lemma [Ml 

Finally, reporting lfTB|) and (|TK|) in (|THl leads to lemma l2lfl 

5.2.2. Even product of heights. Let us now compute the contribution of 
5i(n,r). 

Lemma 27. The number of type A primitive surfaces with n squares and 
two cylinders, one having even height is 

n 2 (2n — 15) v—v u(r) n , . 
r|n 

Write 

(17) 5i(n,r) = 5i 5 i(n,r) - 5i )2 (n,r) 

with, recalling again that n is odd, 

5i,i(n,r) = - ^2 V( d ) X UlU2 

d\n/r (ii,ui,i2,U2)&Ai,i(n,r) 

and ^ 

5i, 2 (n,r) = 2 X X n2 

d \ n / r (h,i2,u)€Ai, 2 (n,r) 

where 

*4l,l = |(il,Wi,«2,«2) G ^to : H or *2 even, iiUi + i 2 u 2 = ^| 

and 

4l,2 = «2, £ ^>o : *i or *2 even, (i\ + z 2 )-u = ^| • 
Since i\ and i 2 are not simultaneously even, one has 



d\n/r {vi,V2}&% «2|«2 d|n/r 

u 1 +« 2 =n/(dr) »l even 



(18) X r/i ( r ) ai ' 1 ( n ' r ) = (^ n3 ~ ^ n2 ) X' 



Using proposition l2~Tl and lemma 12"^ one obtains 

1 3 1 2 \ ^( r ) 

— n n > 

.12 8 J 4- 

Next, 

5i, a (n,r) = -53/i(rf) X n2 (^"' K 

d\n/r u\n/(dr) 
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Lemma [31 gives 

(19) ^r^(r)5i, 2 (n,r) = — — - -<p(n). 

r\n r\n 

Reporting JEJ and (HE) in JTJJ leads to lemma 071 

5.3. Two cylinders with even product of heights. Compute at last the 
sum 

rfj,(r)a 2 (n, r). 

r | ii 

Lemma 28. The number of type A primitive surfaces with n squares and 
two cylinders, one having an even height, the other having an even length is 

n 2 (n — 3) A i ( r ) 



48 ^ r 



r\n 



Since n is odd, one has 



a 2 {n,r) = n(d) ^ 

d\n/r (ii,u\,i2,U2)£Ai,2(n,r,d) 



with 

i\ and u\ even 



Ai, 2 (n,r,d) = < 



Hence, 



(ii,ui,i 2 ,u 2 ) e Z >0 : 



n 

or iiu\ + i 2 «2 = — ; 

rd 



i 2 and u 2 even 



J E M E 



a 2{n,r) = - UlU2 

d\n/r (ii,Mi,«2,«2)eZ* 

il and «i even 
ii«i+i2«2=n/(rd) 

d|n/r 

The result follows from proposition!^ and lemma 1241 



5.4. One cylinder. The counting in that case is more direct. 

Lemma 29. The number of type A primitive surfaces with n squares and 
one cylinder is 

n 3 M r ) 
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One actually has 
^2/j,(r)a 3 (n,r) = ^J^M (~) #Uyi,V2,v 3 ) G Z| : «i + w 2 + w 3 



r\n 



n sr^ fn\ r 2 — 1 
3^ 

r\n 



/x(r) 



24'" ^ r 2 ' 

5.5. Computation of a generating series. The number of non necessarily 
primitive surfaces with an odd number n of squares of type A is given by 

On = Y.° l O a d- 

d\n 

Even though this does not have any geometric sense, one can define numbers 
a n and a n by these formulae for even n > 2. We will compute the Fourier 
series attached to the resulting sequence (cL n ) neZ>Q . Corollary [21 follows di- 
rectly from the following proposition. 

Proposition 30. Let n > 1. Then 

3 

On = Y^[°"3(n) - ncri(n)]. 

Proof. We use the basic facts of § 15.11 We have 

3 

lo 

where, for £ € Z, the arithmetical function fc^ is defined by 

h = a\ * (id £ 



with 



We deduce that 



$(„) = ^ ^1 = r * (id ¥)(n). 



hence 



C( 8 )C(a-l)C(«-^) 

L{h ' s)= C(s-£ + 2) 

^3 = o"3 and ki = id o"i . 



□ 



6. The associated Fourier series 

Recall that the two weight 2 modular forms $2 and $4 on To(2) and 
To(4) respectively have been defined in (0 and In this section, we prove 
theorem El Since we want to eliminate the coefficients of even order, it is 
natural to consider the Fourier series obtained by twisting all coefficients by a 
modulus 2 character. By proposition I2.3| one obtains a quasimodular form of 
weight 4, depth less than or equal to 2 on To (4), hence a linear combination 
of £4, £? 2 ,4) ^4,4; D$>2, and DE2 (see the proof of proposition l2"Tj) . The 
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coefficients of this combination are found by computation of the first seven 
Fourier coefficients. 
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